Abstract. Majorana fermions are fascinating and not yet confirmed quasiparticles in condensed matter physics. Here we propose using microwave spectra to distinguish Majorana bound states (MBSs) from topological trivial Andreev bound states. By numerically calculating the transmission and Zeeman field dependence of the manybody excitation spectrum of a 1D Josephson junction, we find that the two kinds of bound states have distinct responses to variations in the related parameters. Furthermore, the singular behaviors of the MBSs spectrum could be attributed to the robust fractional Josephson coupling and nonlocality of MBSs. Our results provide a feasible method to verify the existence of MBSs and could accelerate its application to topological quantum computation.
Introduction
Majorana fermions (MFs) have been long-sought particles since they were predicted in 1937. This kind of particle is exotic because its antiparticle is itself. To date, there is no clue that any elementary particle belongs to this kind of particle. On the other hand, some quasiparticles emerged in condensed matter system have been predicted to possess the unique property of MFs [5, 6] , named Majorana zero modes. Importantly, Majorana zero modes behave as non-Abelian anyons, and could be used to build topological quantum computer [1, 2, 3, 4] . Therefore, exploring the physical realizations of MF in condensed matter systems has brilliant application prospects in quantum information processing. In the seminal work of Kitaev [6] , a toy model was devised that a spinless one-dimensional nanowire with superconductivity could transition to the topological phase, in which a pair of MFs locate at the ends of the nanowire. Along this line, Ref. [7, 8] suggested that a spin-orbit-coupled semiconducting nanowire combining with superconductivity and applied magnetic field could enter topological superconductor phase and host MFs. Recently, several groups reported that they have measured remarkable signatures of MFs in 1D systems [9, 10, 11, 12] . In these experiments the zero-energy mode of the superconducting nanowire was observed using a tunneling spectrum, which is consistent with MBSs. However, the zero mode can be occasionally reproduced by topological trivial Andreev bound states (ABSs). Thus, MFs cannot be confirmed by the presence of a zero mode. Since then, the question of how to distinguish MBSs and ABSs has been actively pursued and not yet settled in experiments.
One important signature of MFs is the fractional Josephson effect [6, 13] . In an 1D topological superconductor-normal conductor-topological superconductor(TS-N-TS) junction, the Josephson coupling energy comes from interaction of the pair of MFs near the junction, which is proportional to cos φ 2 with φ be phase difference across the junction. This lead to the 4π periodicity of the energy of MBSs formed by the two MFs, unlike the 2π period of ABSs in topological trivial junction. The period doubling phenomenon is called fractional Josephson effect. However, the effect is built on the conservation of MBSs parity, which could be broken by incoherent quasiparticle poisoning or coherent parity flip due to finite effect of the topological superconductor [14, 15] . Even worse, ABSs could also manifest 4π periodicity with fine-tuned parameters [16, 17] . Therefore, merely observing fractional Josephson effect is not a decisive evidence of MFs [18, 19] . On the other hand, nonlocality is considered as a distinct signature of MBSs. Very Recently, there are serval proposals brought up to verify the existence of MBSs by its nonlocality [20, 21, 22, 23] . The main tool used in these proposals is the tunneling spectrum. Besides, a number of other signatures of MFs spring out at the time, for instance, the unusual behaviours of critical current [24] and current susceptibility [25] in topological superconducting junctions, Majorana wavefunctions [26] , spin polarization [27] and optical spectrum [28] in self-assembled topological superconductors. Given the mature technique of exciting transitions between many-body bound states in a weak link using microwave [29, 30, 31, 32] , it is natural to ask whether the microwave spectrum of Josephson junction could tell us the differences between MBSs and ABSs.
It is well known that if the topological superconductor in a TS-N-TS junction is infinite in length, the pair of MFs in the junction constructs two MBSs, ie., even and odd parity state (0 and 1 state), which can not flip to each other due to parity conservation. Because of the Josephson coupling term cos φ 2 , the two states are degenerate at the phase bias φ = (2k + 1)π, named optimal spots. Ref. [33, 34, 35] has studied the characters of the microwave spectrum of MBSs and ABSs under this condition. However, if the superconductor is not much longer than the superconducting coherence length, the additional pair of MFs resides at the far ends of the junction would effectively couple to the MFs at the junction. Consequently, the degeneracy at the optimal spots is lift and the energy spectrum retrieves to that of ABSs. In this case, to draw the line between MBSs and ABSs, we have calculated the many-body spectra of the parameters. In weak or zero Zeeman field, the spectrum of ABSs at the optimal spots appears to be dips, and the energy of the spectrum at the dip strongly relies on the transmission. However, if the magnetic field is approaching the critical value of phase transition the dips would convert to peaks. Furthermore, the magnetic field where the conversion occurs depends on the transmission. The spectrum of ABSs with the lower transmission would alter its shape in weaker Zeeman field. Instead, for MBSs the dips in the spectrum at the optimal spots are maintained at any transmission and any Zeeman field which supports the topological phase. The stability of dips can be owed to the robustness of fractional Josephson coupling across the junction. Besides, the energy of the spectrum at the dips is basically independent of the transmission. The insensitivity of the spectrum at the optimal spots to the transmission is derived from the nonlocality of MFs. In other words, the energy spectrum of MBSs can reveal the effects of robust fractional Josephson coupling and nonlocality, which are not possessed by ABSs. Therefore, we can differentiate MBSs from ABS by using microwave to explore the many-body excitation spectrum of the junction.
The paper is organized as follows. In Section 2 we introduce the system and its Hamiltonian. In Section 3 the transmission-dependence of the many-body spectrum of MBSs and ABSs without Zeeman field are compared in a phenomenological manner. After that, we calculate numerically the many-body excitation spectra of the system under different transmissions and Zeeman field in Section 4. Besides, we analysis the differences of the spectra in the topological phase and topological trivial phase. The measurement schemes of the excitation spectrum are present and discussed in Section 5. We conclude this paper in Section 6.
System and Hamiltonian
The system we consider is a superconductor-normal conductor-superconductor(SNS) junction. The junction consists of a spin-orbit-coupled semiconductor nanowire, which contacts with two separate s-wave superconductors. The Josephson junction geometry is shown in Fig. 1 . The left and right sections of the nanowire are superconducting due to proximity effect. For simplicity, we assume that the two superconducting sections of the nanowire have the same length L. In addition, we require that the middle section is much shorter than the superconducting coherence length, i.e., l ≪ ξ, in which case there are only a few subgap bound states localizing at the junction. The Bogoliubov-de Gennes (BdG) Hamiltonian of the nanowire can be written as:
, and σ i , τ i are Pauli matrices in spin and particle-hole space respectively, m * is the effective mass, α R spin-orbit coupling, B = gµ B B/2 is the Zeeman splitting resulting from the applied magnetic field B, g is the g-factor and µ B the Bohr magneton. Notice that the direction of Zeeman field is perpendicular to the Rashba spin-orbit-coupling field. The induced superconducting gap ∆ reads
The superconducting nanowire would transition to topological superconductor phase when the Zeeman splitting exceeds the critical value B c = ∆ 2 0 + µ 2 . Each boundary of the topological superconductor will host a MF. In the system, there are two pairs of MFs: one pair is near the junction, the other locates at the far ends of the nanowire, see Fig. 1 . We emphasize that the superconducting nanowire length L are not much longer than coherence length ξ, and the finite effect is essential to discriminate MBSs from ABSs.
Transmission dependence of MBSs and ABSs without magnetic field
In the topological phase or the topological trivial phase in the absence of Zeeman field, the spectrum of the subgap states of the BdG Hamiltonian can be obtained with a lowenergy effective theory. The phase-difference dependence of the single-particle energy in the two cases are well-studied. However, what we concern is the trends of the manybody spectrum when varying the transmission of the junction.
Let us start with the ABSs spectrum of the SNS junction in the absence of Zeeman field. It is well known that the single-particle energy level is two-fold degenerate, with eigenenergies [36] 
where T denotes the transmission of the junction, φ = φ R − φ L is the phase difference across the junction. Due to the double degeneracy, there are four manybody states:{|00 , |01 , |10 , |11 }. Actually, the states in the odd subspace are hardly populated, therefore we only discuss the even states. It is easy to see that the eigenergies of |00 and |11 are equal to E − , E + respectively. Now we turn to the energy spectrum of the junction in the topological phase. In this case, there are four MFs at the ends of topological superconducting nanowire, named γ 1 , γ 2 , γ 3 , γ 4 (Majorana operators, satisfying γ i = γ † i ), see Fig. 1 . The low-energy effective Hamiltonian can be addressed as
where g 12 (g 34 ) is coupling strength between γ 1 (γ 3 ) and γ 2 (γ 4
Thus, the low-energy Hilbert space is spanned by the basis {|n a n b } with n a = 0, 1 and n b = 0, 1. Because of the conservation of the total parity of the system, the paritychanging transitions are not allowed. Therefore, the Hilbert space can be departed into two decoupled subspaces: even-parity and odd-parity subspace. Without loss of generality, we only investigate the energy eigenstates (ie., MBSs) in the even-parity subspace, {|00 , |11 }. Diagonalizing the effective Hamiltonian, we can get the manybody eigenenergies:
Comparing Eq. 3 and Eq. 4, we can see that the spectrum in topological phase and topological trivial phase are both 2π periodic function of phase difference. Moreover, the energy difference between E + (E m+ ) and E − (E m− ) reach their minimum meanwhile, both at the phase difference (2k + 1)π. This means that we can not discriminate them from each other by measuring the phase-difference dependence of energy or its derivation-supercurrent. To overcome this problem, we have studied the transmission dependence of the eigenenergies. Figure. 2 has shown a series of spectra with different transmissions. We can observe that the spectrum in the two phases have explicitly manifested two distinct trends. In topological trivial phase, the positive and negative part of the spectrum would gradually split when we reduce the transmission from its maximum and the gap of the spectrum is expanding accordingly. Contrarily, with the decrease of the transmission, the spectrum in topological phase would shrink in the energy-axis orientation toward the middle of its energy gap, while the energy gap is independent of the transmission. Because at the optimal spots the energy difference between two ABSs or MBSs is prone to be detected with microwave spectrum, in the following we would pay attention to the energy spectrum around these spots. In detail, the energy of the ABS at the optimal spot varies with the transmission while that of the MBS is a constant quantity, which is irrelevant to the transmission of the junction. More interestingly, near the optimal spot, the positive and negative level of the ABSs are lifted when the junction is tuned continuously from the transparent region to the depletion region. Contrarily, the energy of the MBS monotonously descends with the decreasing of the transmission. In a word, the MBS responds to the tuning of the transmission in a rather different style relative to the ABS in the absence of magnetic field. However, the phenomenological results are not capable to distinguish the MBS from the ABS in finite Zeeman field.
Many-body excitation spectrum with finite magnetic field: numerical results
Now we investigate the transmission and Zeeman field dependence of the many-body excitation spectrum of the system. Specifically, our aim in this section is to obtain the energy difference ∆E between the positive and negative many-body eigenstates with even parity (∆E equal to the twice of the energy of the positive eigenstate due to electron-hole symmetry). To this end, we solve the Hamiltonian in Eq. 1 with a numerical method by applying the tight-binding approximation (for details see the Appendix A in Ref. [37] ). The SNS junction consists of three parts: left and right superconducting part and central normal part. The Hamiltonian is discretized into a tight-binding lattice under the assumption that the parameters in each part take the same values except the gap ∆. The hopping between two nearest-neighbour sites in each part is described by a spinresolved matrix, named h. The interpart coupling is modeled as the hopping between the adjacent sites which lie at the interfaces of the superconducting and normal parts. The interpart hopping matrix h ′ is related to the intrapart hopping by h ′ = ηh. In our calculations, we choose the typical values of the parameters for InSb nanowire. The electron's effective mass is m = 0.015m e with m e be electron's mass, and the spin-orbit coupling strength is α R = 20meV nm. For a short junction, it could be proved that the normal transmission rate is vanishing when η ≤ 0.6 [37] , which indicates the tunneling regime. The transparent regime is realized when η ≈ 1 in the absence of magnetic field. Therefore, the range η ∈ [0.6, 1] is large enough to investigate the energy spectrum on the whole transparency range while reachable in practice.
Many-body excitation spectrum of ABSs
We have calculated the many-body excitation spectrum with different transmissions when the applied magnetic field is lower than the critical value, see Fig. 3 . In the absence of magnetic field our numerical result Fig.3(a) is consistent with the analytical spectrum shown in Fig. 2 . The minimum of the energy in the spectrum is locating at the optimal spots no matter how weak the transparency (η) of the junction is. However, the situation is changed when the system is subjected to a magnetic field. From Fig.3(b) where B = 0.6B c , we see the low η spectrum springs up a peak at the optimal spot while the high η spectra appear as a dip at the same phase bias. When B = 0.8B c , only the spectrum with η = 1 remain a dip at the optimal spot (Fig.3(c) ). As up to B = 0.9B c , there has been a local peak emerged within the dip of the η = 1 spectrum. Therefore, we can conclude that when approaching the phase transition the spectrum at the phase differences φ = (2k + 1)π forms a peak at arbitrary transparency. Moreover, given a certain magnetic filed, we find that the energy at the optimal spot varies remarkably with the transmission. This phenomenon is expected since ABS is localized at the junction and its energy strongly depends on the transmission of the junction.
Many-body excitation spectrum of MBSs
Once the applied Zeeman field exceeds the its critical value, the local ABSs would evolve into nonlocal MBSs. The many-body excitation spectrum in this regime is illustrated in Fig. 4 . We can see that MBSs behave quite differently compared with ABSs when the transmission and Zeeman field are tuned. Firstly, the many-body spectrum of MBSs always forms a dip at the optimal spot. The dip persists in a very wide range of Zeeman field. From Fig. 4(a) to (d) with the Zeeman field changing from 1.2B c to 1.8B c , there is no hint that the dips at the optimal spots would evolve into peaks. Moreover, the dips are also robust to the variation of the transmission. The stability of the dips at the phase difference φ = (2k + 1)π reflected the robustness of the term E m cos term resulting from MFs coupling is the source of fractional Josephson effect. In contrast, the dips at the spectrum of ABSs is instable as long as varying the relevant parameters. Secondly, the energy of MBSs at the optimal spots is almost invariant in a fixed magnetic field no matter how large the transmission is. We find that this unusual phenomenon is a direct consequence of the nonlocality of MBSs. As shown in Eq. 4, the energy at the optimal spot within topological phase is determined by the coupling strength g 12 and g 34 , which describe the interactions between MFs at the same side of the junction. Due to the symmetry of the junction, g 12 and g 34 hold the same relation with the transmission, therefore we only investigate the former. g 12 is proportional to the overlap of the wavefunction of γ 1 and γ 2 . Under the assumption that the superconducting nanowire length L is larger than the coherence length ξ, the wavefunction overlap takes place in the topological section of the nanowire. Furthermore, the overlap relies on the ratio between L and ξ, both of which are theoretically independent of the transmission of the junction. In other words, the MBSs distributed within the topological nanowire is insensitive to a local perturbation outside the topological nanowire. This contrasts sharply with the situation of ABSs which is localized at the junction. Therefore, the invariance of the spectrum at the optimal spots can be considered a convincing signature of the nonlocality of MBSs.
Measurement schemes
Before concluding this paper, we would like to discuss how to probe the excitation spectrum of ABSs and MBSs with experimentally reachable techniques. Basically, there are two feasible schemes to achieve this. The first is embedding the nanowire in a hybrid superconducting quantum interference device (SQUID) whose second arm is a conventional tunnel junction with Josephson coupling energy much larger than that of the nanowire-based junction [31] . In the case of a negligible loop inductance of the SQUID, the applied phase with external magnetic flux mostly drops over the nanowire junction. That means the phase difference φ could be tuned at will. The microwave emitted by the tunneling junction would be absorbed by the investigated nanowire junction if the microwave frequency match the many-body transition energy shown in the last section. One can measure the microwave response of the nanowire junction utilizing another tunnel junction capacitively coupled to the hybrid SQUID.
The second measurement scheme is employing the techniques of circuit quantum electrodynamics (cQED). The main point is that the loop containing a nanowire Josephson junction is inductively coupled to a superconducting microwave resonator. The interaction between the two even-parity ABSs (or MBSs) and the resonator is welldescribed by Jaynes-Cummings model. In the dispersive regime of cQED, the frequency of the resonator would be shifted by a magnitude that is dependent on the state of the ABSs (or MBSs). Thus, the state of ABSs (or MBSs) could be detected by observing the resonator response to a microwave with a proper frequency. In addition, the odd parity states have no effect on the resonator, therefore could be discriminated from even parity states. With this state-readout approach at hand, we could further probe the excitation spectrum of the nanowire junction by the conventional spectroscopic means. Very recently, Ref.
[31] and Ref. [32] have performed alike spectral measurements of ABSs in nanowire Josephson junction using the above addressed schemes respectively, though in the absence of or in weak Zeeman field. Therefore, it is hopeful to extend the spectral measurements into strong Zeeman field condition under which the topological phase transition might occur. In experiment, the different styles of the dependence of the excitation spectrum on the transmission would mark out the different topological phases.
Conclusion
In this paper we have calculated the transmission and Zeeman field dependence of many-body spectrum of a 1D Josephson junction system. We find that the spectrum in topological phase and topological trivial phase have distinct responsibilities to the variations of the related parameters. Moreover, the unusual properties of the MBSs stem from the robustness of the fractional Josephson coupling and nonlocality of the MBSs. Our study provides a feasible method to verify the existence of MBSs and could push forward the MF-based topological quantum computation.
